We characterize and describe the extensions of expansive and Anosov homeomorphisms on compact spaces. As an application we obtain a stability result for extensions of Anosov systems, and show a construction that embeds any expansive system inside an expansive system having the shadowing property for the pseudo orbits of the original space.
Introduction
Let (M, d) be a compact metric space. A homeomorphism f : M → M is said to be expansive if there is α > 0 (an expansivity constant ) such that if x, y ∈ M and d(f n x, f n y) ≤ α for all n ∈ Z then x = y. In [11] Lewowicz observed that although we cannot assume that if f 0 : M → M is an expansive homeomorphism a perturbed homeomorphism f : M → M is expansive, it is true that ([11, Lemma 1.1]) if α > 0 is an expansivity constant for f 0 , 0 < ε < α, and f is close enough to f 0 then f has the following property resembling expansiveness (1) if x, y ∈ M and d(f n x, f n y) ≤ α for all n ∈ Z then d(x, y) ≤ ε.
Taking 0 < ε ≤ α /2 he introduced the equivalence relation on M given by (2) x ∼ y iff d(f n x, f n y) ≤ α for all n ∈ Z, and studied the properties of the quotient space M/∼ and the quotient homeomorphismf : M/∼ → M/∼, suggesting thatf is expansive and showing that if f 0 is persistent then there is a copy of (M, f 0 ) inside (M/∼,f ). In a subsequent paper, [7] , Cerminara and Sambarino proved in full detail thatf is expansive, and for the case of M a surface they showed that the local stable and unstable sets of the system (M/∼,f ) are non-trivial and arc-wise connected. The aim of this paper is to study the previous situation assuming directly a property of the form (1) for f without supposing the existence of f 0 expansive; in fact the existence of such an f 0 now turns to be a question. In §2 we call this type of homeomorphisms [ε, α]-expansive homeomorphisms (see Definition 2.2 for the precise meaning of this term which slightly differs from condition (1) above), proving some properties of this class of systems such as the uniform [ε, α]-expansiveness property in Proposition 2.5 and an openness result in Proposition 2.6.
For the case 0 < ε ≤ α /2 we obtain what we called semi expansive homeomorphisms in §3, where, in Theorem 3.10, we show that for these systems the equivalence relation (2) induces an expansive quotientf : M/∼ → M/∼, and conversely that any expansive quotient of a compact metrizable space arises in that way. In §3.1 we consider this problem from a purely topological viewpoint characterizing the compact and non necessarily metrizable extensions of expansive systems.
In §4 we go further establishing necessary and sufficient conditions for a compact metrizable system to have an Anosov quotient (an expansive system with the shadowing property, see Definition 4.1), describing all such extensions in Theorem 4.6 by means of what we called semi Anosov homeomorphisms (see Definition 4.5) . Finally, in §4.1 and §4.2 we give two applications: a stability result in Theorem 4.9, extending the topological stability property of Anosov systems proved by Walters in [15, Theorem 4] ; and Theorem 4.15 where we show, loosely speaking, that any expansive system can be enlarged to an expansive system satisfying the shadowing property for the pseudo orbits of the original system (see Definition 4.12) .
Clearly, if f is uniformly [ε, α]-expansive then f is [ε, α]-expansive. The converse is also true as we show in the next result which is similar to [6, Theorem 5] , where Bryant proves the property of uniform expansiveness for expansive homeomorphisms on compact spaces.
Proof. If f were not uniformly [ε, α]-expansive then for all N ∈ N there exist x N , y N ∈ M such that d(f n x N , f n y N ) ≤ α for all |n| ≤ N and d(x N , y N ) ≥ ε. Taking limit points x and y of the sequences (x N ) and (y N ), respectively, we have that d(f n x, f n y) ≤ α for all n ∈ Z and d(x, y) ≥ ε, which can not be true because f is [ε, α]-expansive.
For topological spaces M and N we denote as C(M, N ) the set of continuous functions from M to N with the compact-open topology. If M is compact and N is a metric space this topology is the one induced by the C 0 -metric defined as
The subspace of homeomorphisms in C(M, M ) will be denoted H(M ).
The following result extends [11, Lemma 1.1] proved by Lewowicz for the case of an expansive homeomorphism on a compact space.
-expansive, and then by Proposition 2.5 f is uniformly [ε, α + δ]-expansive, that is, for some N ∈ N we have if x, y ∈ M and d(f n x, f n y) ≤ α + δ for all |n| ≤ N then d(x, y) < ε.
As the map H(M ) → H(M ), g → g n is continuous for all n ∈ Z we can find a neighborhood N of f in H(M ) such that d C 0 (f n , g n ) ≤ δ /2 for all g ∈ N and |n| ≤ N . Hence, if g ∈ N , x, y ∈ M and d(g n x, g n y) ≤ α for all |n| ≤ N , we have d(f n x, f n y) ≤ d(f n x, g n x) + d(g n x, g n y) + d(g n y, f n y) ≤ δ /2 + α + δ /2 = α + δ for all |n| ≤ N , which implies d(x, y) < ε. Then every g ∈ N is [ε, α]-expansive.
Expansive quotients
In this section we introduce the class of semi expansive homeomorphisms to give necessary and sufficient conditions for a quotient of f to be expansive, describing all compact metrizable extensions of an expansive dynamical system in Theorem 3.10. In §3.1 we obtain a topological version of this theorem, characterizing the compact and non necessarily metrizable extensions of expansive homeomorphisms in Theorem 3.18.
x, y ∈ M and d(f n x, f n y) ≤ α for all n ∈ Z implies d(x, y) < α /2. In that case α is called a semi expansivity constant for f . The next result is a direct consequence of Proposition 2.6. x ∈ M , the canonical map. We say that a subset A ⊆ M is saturated iff A contains the class of each of his members. For a homeomorphism f :
We also say that f is an extension of f R . Given n ∈ N let x n ∈ [x] be such that d(x n , y n ) < 1 /n and z n ∈ [y n ] such that z n / ∈ U . As M is compact we can assume that x n →x, y n → y and z n → z. As x n ∼ x for all n ∈ N we have d(f k x n , f k x) ≤ α for all k ∈ Z, then taking limit when n → +∞ we get d(f kx , f k x) ≤ α for all k ∈ Z, that is,x ∼ x. On the other hand, as y n ∼ z n for all n ∈ N we have d(f k y n , f k z n ) ≤ α for all k ∈ Z and then taking limit when n → +∞ we conclude that d(f k y, f k z) ≤ α for all k ∈ Z, that is y ∼ z. Finally, as d(x n , y n ) < 1 /n for all n ∈ N we deducex = y. To sum up we proved x ∼x = y ∼ z, hence z ∈ U because [x] ⊆ U . This contradicts that z n / ∈ U for all n ∈ N because in that case z / ∈ U since U is open and z n → z. For later reference we state the following easy result.
Lemma 3.9. f is expansive iff there exists an expansivity cover U for f .
In [11, p. 568] it is suggested that what we called Lewowicz quotient (Definition 3.3) in honour of the author of that article is in fact an expansive homeomorphism. Full details and proofs of this assertion was given later in [7] , where the authors construct a metric in the quotient space with respect to which the quotient homeomorphism is expansive. In the following result we give an alternative proof of this fact with a shorter but non constructive argument. We also prove the converse of the assertion showing that every expansive quotient is a Lewowicz quotient. 
This is a compatible metric for M because Kd ≤ d 1 and q :
We claim that f is α-semi expansive with respect to d 1 and that the given equivalence relation R coincides with R(d 1 , α), this will prove that f R is a Lewowicz quotient according to Definition 3.3. To prove that R = R(d 1 , α) denote x ∼ 1 y to mean equivalence under R(d 1 , α). Note that in the preceding paragraph we already showed that
(2 ⇒ 1) Assume now that f R is a Lewowicz quotient. Then by Definition 3.3 we know that there exist a metric d on M and α > 0 such that f is α-semi expansive and R = R(d, α). As by Lemma 3.5 we have that M R is metrizable, in order to prove that f R is expansive it is enough to show an expansivity cover (Lemma 3.9).
For each
Remark 3.11. In the proof of (1 ⇒ 2) in the previous proposition the semi expansivity constant α > 0 of f can be chosen arbitrarily small compared with the expansivity constant α R of f R . In addition, taking a smaller constant K we see that we can construct a metric on M such that f is [ε, α]-expansive with ε > 0 arbitrarily small relative to the chosen α > 0. Finally, note that the metrics d 1 constructed in this way verifies
3.1. Topological characterization. In Theorem 3.10 we given a characterization of those compact metrizable dynamical systems which are extension of an expansive system. In this subsection we consider this problem from a purely topological point of view, that is, we drop the assumption of metrizability of the extension. In Theorem 3.18 solve this problem giving necessary and sufficient conditions for an arbitrary compact system to be an extension of an expansive system.
Only for this subsection we change our context convention and assume that X is a compact topological space and f : X → X a homeomorphism. Definition 3.12. For a cover C of X let R(C ) ⊆ X × X be the relation on X, also denoted ∼ C , given by the formula
if x, y ∈ X, where as before the notation A ≺ C means that A ⊆ C for some C ∈ C . Given x ∈ X we also define the sets
Note that the relation R(C ) of Definition 3.12 is a symmetric and reflexive relation on X, but fails in general to be transitive. The relation R(C ) will be transitive, and hence an equivalence relation, precisely when the collection X C is a partition of X, in which case X/∼ C = X C .
In the following Remark 3.13 and in Lemma 3.14 we will use the notions of directed set, nets, subnets and convergence as presented in [9, Chapter 2]. Remark 3.13. If (Λ, ≤) is a directed set and Λ = Λ 1 ∪ · · · ∪ Λ r then at least one of the sets Λ i verifies the following property: for every λ ∈ Λ there exists µ ∈ Λ i such that if ν ∈ Λ i and µ ≤ ν then λ ≤ ν.
Indeed, if the assertion is false then for all i ∈ {1, . . . , r} there exists
Then, according to our assumption there exists ν ∈ Λ i0 such that µ ≤ ν and λ i0 ≤ ν, which is a contradiction because λ i0 ≤ µ.
As a consequence we see that if (x λ ) λ∈Λ is a net in X then (x λ ) λ∈Λi is a subnet for some i ∈ {1, . . . , r}.
Let 2 X be the collection of all non-empty subsets of X. A map F : X → 2 X is said to be upper semi continuous iff for all x ∈ X and all neighborhood
Proof. To prove the first assertion suppose on the contrary that the map X → 2 X , x → [x] C , is not upper semi continuous. Then there exist x ∈ X and a neighborhood U of [x] C such that for every neighborhood V of x there exists x ′ ∈ V such that [x ′ ] C ⊆ U . Picking a point x ′ as before in each neighborhood V of x one can construct a net (x λ ) λ∈Λ converging to x such that [x λ ] C ⊆ U for all λ ∈ Λ. Then there exists a net (y λ ) λ∈Λ such that x λ ∼ C y λ and y λ / ∈ U for all λ ∈ Λ. As X is compact and U is open taking a subnet if necessary we can assume that y λ → y / ∈ U . For each fixed n ∈ Z we have that for all λ ∈ Λ there exists C ∈ C such that {f n x λ , f n y λ } ⊆ C because x λ ∼ C y λ . Hence Λ can be written as a finite union Λ = C∈C Λ C where Λ C = λ ∈ Λ : {f n x λ , f n y λ } ⊆ C . Then, by Remark 3.13 there exists C ∈ C such that (x λ ) λ∈ΛC and (y λ ) λ∈ΛC are subnets of (x λ ) λ∈Λ and (y λ ) λ∈Λ , respectively. For this C we have {f n x λ , f n y λ } ⊆ C for all λ ∈ Λ C , then as C is closed taking limits we obtain {f n x, f n y} ⊆ C, that is {f n x, f n y} ≺ C . As this is true for all n ∈ Z we conclude that x ∼ C y, and therefore y ∈ [x] C ⊆ U , which is a contradiction because we previously had y / ∈ U . The last assertion follows from the comment made before this Lemma.
In the next Definition 3.15 and Proposition 3.18 for a collection C of subsets of X we use the notation C = {C : C ∈ C }, where C stands for the closure of C, and
Note that if C is a closed cover then C k is a closed cover too. 16. If f is U -semi expansive, as we always have R(U ) ⊆ R(U 4 ) because U ≺ U 4 , we see that R(U ) = R(U 4 ). Moreover, this is an equivalence relation as the following verification of the transitive law shows:
Remark 3.17. For later use let us recall some facts from [10] . A generator for f is a finite open cover U of X such that n∈Z f n U n contains at most one point for every bi-sequence (U n ) n∈Z of members of U (see [10, Definition 2.4] ). Note that this is equivalent to: if x, y ∈ X and {f n x, f n y} ≺ U for all n ∈ Z then x = y. In [10, Theorem 3.2] it is proved that f has a generator iff f is expansive.
Next we introduce the main result of this subsection, a topological characterization of general extensions of expansive systems in the compact case. 
We claim that f is U -semi expansive. Indeed, if x, y ∈ X and x ∼ U 4 y, then for each n ∈ Z there exist U 1 , U 2 , U 3 , U 4 Finally note that R = R(U ) because if x, y ∈ X and x ∼ U y then clearly x ∼ U 4 y, hence as we already showed in the previous paragraph [x] = [y], that is, x ∼ y, where "∼" meanas equivalence under R. Conversely if x ∼ y then x ∼ U y because the members of U are R-saturated.
2) ⇒ 1). As f is U -semi expansive we know that R(U 4 ) = R(U ) = R (see Remark 3.16). Then, as U 4 is a finite closed cover of X, by Lemma 3.14 X R is an upper semi continuous decomposition of X. Applying [13, Proposition 3.7] we obtain that the canonical map q : X → X R is a closed map.
To prove that f R is expansive we will show a generator U R . To this end for each 
where in the last equality we used that q is a closed map as we already showed before. Then we can take x n , y n ∈ U (z n ) − such that f n x ∼ x n and f n y ∼ y n for all n ∈ Z. As U is finite, for all z ∈ X we have U (z) − = {U ∈ U : x ∈ U } − = {U : x ∈ U ∈ U }, then {x n , z n } ≺ U and {y n , z n } ≺ U because x n , y n ∈ U (z n ) − . In addition we have {f n x, x n } ≺ U and {f n y, y n } ≺ U because f n x ∼ x n , f n y ∼ y n and R = R(U ). Then we conclude that {f n x, f n y} ≺ U 4 for all n ∈ Z. Therefore, x ∼ U 4 y, and hence [x] = [y] because R = R(U 4 ).
Anosov quotients
In this section we give a characterization of the metrizable extensions of Anosov systems (see Definition 4.1) in the compact case in Theorem 4.6. To do that we introduce in Definition 4.5 the class of semi Anosov homeomorphisms. Later, in §4.1 and §4.2 we show two applications of this theorem (see Theorems 4.9 and 4.15). As usual (M, d) will denote a compact metric space and f : M → M a homeomorphism.
Let S ⊆ M Z be a set of bi-sequences in M . Given δ > 0 and ε > 0 we say that f has the ε − δ shadowing property on S iff every δ-pseudo orbit belonging to S can be ε-shadowed. We say that f has the shadowing property on S iff for every ε > 0 there exists δ > 0 such that f has the ε − δ shadowing property on S. In the previous cases if S = M Z we use the same terminology omitting the reference to S. If f is expansive and has the shadowing property then f is called Anosov homeomorphism.
We extend some of the above definitions to the topological setting as follows. Given an open cover V of M we say that ξ is a V -pseudo orbit iff {f x n , x n+1 } ≺ V for every n ∈ Z, where for A ⊆ M the notation A ≺ V means that A ⊆ V for some V ∈ V . Given an open cover U of M we say that x ∈ M U -shadows ξ iff {f n x, x n } ≺ U for all n ∈ Z.
In the next auxiliary result we will use the notion of generator. See Remark 3.17. Proof. (1 ⇒ 2) Let α > 0 be an expansivity constant for f and δ > 0 such that f has the α /2 − δ shadowing property on S. Take as U any finite cover of M by balls of radius α /2, and as V the cover by all balls of radius δ /2. It is straightforward to check that these covers fulfils the desired requirements.
(2 ⇒ 1) As U is a generator by [10, Theorem 3.2] we know that f is expansive. To prove the last part of the statement suppose on the contrary that f does not have the shadowing property on S. Then there exists an ε > 0 such that for every k ∈ N there is a 1 /k-pseudo orbit ξ k = (x k n ) n∈Z belonging to S not ε-shadowable.
Let k 0 ∈ N such that 1 /k0 is a Lebesgue number for V . Then, for each k ≥ k 0 we have that ξ k is a V -pseudo orbit, therefore there exists z k ∈ M that U -shadows it.
As ξ k is not ε-shadowable for all k ≥ k 0 we have d(f n k z k , x k n k ) ≥ ε for suitable n k ∈ Z. Rearranging the indices we can assume that n k = 0 for each k ≥ k 0 . Taking subsequences we can also assume that x k 0 → x and z k → z. As d(z k , x k 0 ) ≥ ε for all k ≥ k 0 we see that d(z, x) ≥ ε and then z = x. On the other hand it is easy to show that x k n → f n x for all n ∈ Z, that is, the pseudo orbits ξ k converge pointwise to the orbit of x. Then, as {f n z k , x k n } ≺ U for all n ∈ Z and k ≥ k 0 we deduce that {f n z, f n x} ≺ U for all n ∈ Z. This contradicts that U is a generator. We claim that U R is a generator for f R . To see this, note first that if z ∈ F then
Indeed, as q is a closed map (because M R is metrizable by Lemma 3.5 and M is compact) it holds that q( U z ) − = q( U − z ). Then, for all x ∈ M }. One can check in a similar fashion as done before with U and U R that V and V R are open covers. We affirm that every V R -pseudo orbit belonging to S R can be U -shadowed.
In order to prove the claim suppose given a V R -pseudo orbit ξ R ∈ S R . This pseudo orbit is of the form ξ R = ([x n ]) n∈Z for some ξ = (x n ) n∈Z ∈ S, and for all
Then we see that ξ is a δ-pseudo orbit. Hence, by hypothesis, there exists x ∈ M that α /4-shadows ξ, that is d(f n x, x n ) < α /4 for all n ∈ Z.
For each n ∈ Z take z n ∈ F such that d(x n , z n ) < α /8. As diam([f n x]) < α /16 for all n ∈ Z and α /4
Similarly one can check that [x n ] ∈ q( U zn ) for all n ∈ Z. Then we proved that ξ R is U R -shadowed by [x], and we are done. We claim that f also have the α /4 − δ shadowing property with respect to d 1 . To prove that suppose ξ = (x n ) n∈Z is a given δ-pseudo orbit of f relative to d 1 , that is, d 1 (f x n , x n+1 ) < δ for all n ∈ Z. Then, from the formula defining d 1 we have that
, [x n ]) < α /8 for all n ∈ Z. Now, for each n ∈ Z we estimate
This shows that ξ is α /4-shadowed by x and the proof is complete. For g ∈ N q and x ∈ M it is easy to see that the g-orbit of gx is α /4-shadowed by f y x , then q g (gx)
To prove that q g is continuous let x ∈ M and suppose ε > 0 is given. As the quotient homeomorphism f R is uniformly expansive there exists N ∈ N such that
On the other hand, as q • S n , |n| ≤ N , are continuous there exists ρ > 0 such that (6) if z ∈ M and d(x, z) < ρ then d R [g n x], [g n z] < αR /2 for all |n| ≤ N.
Hence, for all z ∈ M such that d(x, z) < ρ, and for |n| ≤ N we can estimate
where we used the conditions (4) and (6) . Then, by condition (5) we deduce that d R q g (x), q g (z) < ε if x, z ∈ M and d(x, z) < ρ, proving the continuity of q g .
To see that q g ∈ N q pick ε > 0 such that B ε (q) ⊆ N q , and let N ∈ N as in condition (5) . Taking a smaller neighborhood N f if necessary we can suppose that
Hence, by condition (5) 
For the last statement it is enough to take N 0
Remark 4.10. If in the preceding Theorem 4.9 we consider the case in which f = f R is an Anosov homeomorphism and q is the identity map of M , then we recover Walters' stability theorem [15, Theorem 4] in this special case.
Shadowing envelopes.
In this subsection we give another application of our study of extensions of Anosov systems, showing in Theorem 4.15 that, loosely speaking, any expansive system can be enlarged to an expansive system satisfying the shadowing property for the pseudo orbits of the original system (see Definition 4.12) . The proof is based on Proposition 4.4 which was used to prove the 2 ⇒ 1 implication of Theorem 4.6.
Consider the space Σ = M Z of bi-sequences in M with the product topology. This is a compact metrizable space. Concretely, we will use the compatible metric
where ξ = (x k ) k∈Z and η = (y k ) k∈Z are elements of Σ. Let σ : Σ → Σ be the shift homeomorphism σ(x k ) k∈Z = (x k+1 ) k∈Z if (x k ) k∈Z ∈ Σ, and ι : M → Σ the embedding ι(x) = (f n x) n∈Z if x ∈ M . It is easy to see that we have σ • ι = ι • f , that is, there is a copy of the system (M, f ) inside the system (Σ, σ).
Lemma 4.11. The dynamical system (Σ, σ) has the shadowing property on the set S = (Im ι) Z . Moreover, for every ε > 0 there exists δ > 0 such that every δ-pseudo orbit Ξ = ι(x n ) n∈Z belonging to S, where x n ∈ M for all n ∈ Z, is ε-shadowed precisely by the point ξ = (x k ) k∈Z ∈ Σ.
Proof. Given ε > 0 let ρ > 0 and N ∈ N such that if η = (y k ) k∈Z and ζ = (z k ) k∈Z (7) d(y k , z k ) < ρ for all |k| ≤ N implies d Σ (η, ζ) < ε.
For these ρ > 0 and N ∈ N let δ > 0 such that for ξ = (x n ) n∈Z we have (8) if ξ is a δ-pseudo orbit of f then d(f k x n , x n+k ) < ρ for all |k| ≤ N, n ∈ Z.
Suppose that Ξ = (ξ n ) n∈Z is a δ-pseudo orbit of σ that belongs to S. Then, for each n ∈ Z we have ξ n = ι(x n ) for some x n ∈ M , that is, ξ n = (f k x n ) k∈Z . As Ξ is
We are ready now to present the main result of this subsection.
Theorem 4.15. If f is expansive then f has an expansive shadowing envelope.
Proof. Consider the embedding ι : M → Σ and for a bi-sequence ξ = (x n ) n∈Z of elements of M denote the corresponding bi-sequence in Σ as ι(ξ) = ι(x n ) n∈Z . Let α > 0 be an expansivity constant of f . By Lemma 4.11 there exists δ > 0, which can be assumed δ ≤ α /4, such that every δ-pseudo orbit Ξ of σ belonging to S = (Im ι) Z is α /4-shadowable, and moreover if Ξ = ι(ξ), where ξ ∈ M Z , then ξ as an element of Σ is a shadowing point for Ξ. For this δ > 0 by Lemma 4.14 there exists ρ > 0 such that (Σ ρ , σ) is [ δ /4, α]-expansive.
We claim that the system (Σ ρ , σ) has the α /4 − δ shadowing property on the set S ρ = ι(Σ ρ ) = {ι(ξ) : ξ ∈ Σ ρ }. Indeed, if ξ ∈ Σ ρ and ι(ξ) is a δ-pseudo orbit of σ, then as we pointed out above ι(ξ) is α /4-shadowed by ξ which belongs to Σ ρ . Now consider the equivalence relation R = R(d Σ , α) on the space Σ ρ as in Definition 3.3. Denote Σ ρ R = Σ ρ /R the quotient space, q : Σ ρ → Σ ρ R the canonical map, and σ R : Σ ρ R → Σ ρ R the induced homeomorphism. By Theorem 3.10 we know that σ R is expansive, and by Proposition 4.4 we have that σ R has the shadowing property on q(S ρ ).
We affirm that (Σ ρ R , σ R ) is a shadowing envelope of (M, f ) with embedding map µ : M → Σ ρ R given by µ = q • ι (see Hence x = y because α is an expansivity constant for f . Thus µ is injective.
Finally, to prove the shadowing condition of Definition 4.12 let ε > 0 be given. As σ R has the shadowing property on q(S ρ ) there exists δ ′ > 0 such that every δ ′ -pseudo orbit of σ R belonging to q(S ρ ) is ε-shadowable. By the continuity of µ there exists δ ′′ > 0 such that if x, y ∈ M and d(x, y) < δ ′′ then d R µ(x), µ(y) < δ ′ . Let δ = min{δ ′′ , ρ}. If ξ is a δ-pseudo orbit of f then on one hand ξ ∈ Σ ρ because δ ≤ ρ, so that µ(ξ) ∈ q(S ρ ). On the other hand, as δ ≤ δ ′′ we have that µ(ξ) is a δ-pseudo orbit of σ R . Hence µ(ξ) is ε-shadowable. This ends the proof.
